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In recent decades, most countries have responded to increased longevity, population ageing, and low market returns with 
systemic and/or gradual parametric pension reforms. The trend towards individual accounts in public and private funded pension 
schemes augmented the importance of studying the decumulation phase of pensions. This paper uses a simulation design to 
empirically investigate the individual welfare generated from alternative annuitization and self-managed fixed, variable and 
hybrid drawdown strategies. A time-separable utility function is used to represent an individual’s preferences towards 
consumption and bequest, risk aversion, and intertemporal discounting and to quantitively assess the range of retirement 
outcomes from competing decumulation designs. The setting comprises a stochastic mortality and investment risk framework 
calibrated to French interest rate, stock market, and mortality data from 2010 to 2019. The results show that self-managed 
variable decumulation strategies may generate higher income at the expense of high risk-taking, more volatile income streams, 
and no longevity insurance. Annuitization strategies involving longevity-linked life annuities and hybrid solutions provide higher 
expected lifetime utility at the expense of bequest motives. 
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1 INTRODUCTION 
In recent decades, most countries have responded to continuous longevity improvements, population ageing, and 
low market returns with systemic and/or gradual parametric pension reforms to restore solvency and enhance the 
fiscal sustainability of public pensions while balancing with pension adequacy concerns. Adopted reforms include 
modifying the pension system rules and parameters (e.g., the retirement age), increasing pre-funding (reserve 
funds), enhancing work incentives, modifying pension taxation, expanding contribution options, expanding the 
coverage of private funded (mandatory or voluntary) pensions, developing auto-enrolment schemes, switching 
from existing DB schemes to DC schemes, expanding individual accounts in personal, employer, and state pensions 
and providing greater freedom over how pension pots [1-3, 27]. The growth of financial and notional individual 
account systems and longevity developments have increased the importance of studying the decumulation phase 
of pensions from different perspectives. The retirement savings drawdown choice has traditionally been grouped 
into three payout options: (i) The purchase of a fixed or escalating life annuity, where the retiree converts his or 
her full DC financial wealth into a guaranteed income stream; (ii) providing a lump-sum benefit or a lump-sum 
option at retirement, followed by a self-managed retirement wealth strategy; (iii) Hybrid approaches combining 
annuitization (considering for innovative longevity-linked and with-profit annuities [5,16,28,36]) and discretionary 
wealth management. In most cases, housing wealth is ignored. 
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Contrary to the standard Modigliani life-cycle model, in most countries voluntary annuitization is limited and 
decreasing and the actual saving/dissaving behaviour is often at odds with economic theory, with several demand-
side and supply-side arguments explaining this "annuity puzzle. The timing and strategy adopted to decumulate 
financial and non-financial wealth are one of the most important decisions individuals make as they approach and 
enter retirement. The decumulation process may resume to a single decision made at the time of retirement (e.g., 
using the entire wealth to buy a life annuity), or a sequence of ad-hoc or programmed and rational decisions 
spanned throughout the whole retirement period (e.g., following some drawdown rule). The decumulation strategy 
may include longevity, investment, inflation, health care, and other risk guarantees, and often requires individuals 
to decide upon how much to consume from the pension pot to live on, to foresee their remaining lifetime, to 
rebalance the asset mix during retirement [7]. The alternative decumulation strategies often target to minimize 
longevity and investment risks while optimizing over some objective function (e.g., keep up with inflation, minimize 
income volatility and wealth depletion, maximize consumption, leave a bequest). The search for the “right” 
decumulation strategy must consider both individual circumstances and preferences (e.g., initial wealth level and 
composition, preferences over consumption and bequest, behavioral biases, the role of unexpected shocks that may 
alter decumulation - the death of a partner, divorce, health shocks, long term care -, the existence of other sources 
of guaranteed income), and the enabling environment (e.g., financial market development, pensions taxation, 
incomplete annuity markets, government benefits) [8-11]. Simple fixed or variable self-managed drawdown rules 
such as splitting the retirement wealth into equal portions based on the remaining lifetime at retirement age are 
often derived from rules of thumb, subjective judgments, and bounded rationality assumptions. More sound 
approaches employ a utility function (or cumulative prospect theory) to represent an individual’s preferences and 
use dynamic programming or stochastic simulation to solve for the optimal decumulation path, the timing and 
amount of the annuitization decision, the appropriate investment strategy, the probability of lifetime ruin. The 
control variables are typically the consumption rate and the asset mix. Empirical evidence shows there is a breach 
between the behavior implied by lifecycle economic models and that of real-world individual decumulation 
decisions. The average individual (and most financial advisors) have limited financial literacy and hardly would be 
able to master the skills required to solve for the optional drawdown path. 
This paper uses a simulation design to empirically investigate the individual welfare generated from alternative 
drawdown strategies. The set of strategies tested comprise annuitization and self-managed fixed, variable and 
hybrid drawdown approaches, simple decision rule methods, actuarial methods, and innovative annuity contract 
structures. To quantitatively assess the retirement outcomes of competing decumulation designs, we use a time-
separable utility function accounting for the preference towards consumption and bequest, risk aversion, and 
intertemporal discounting. We use Monte Carlo simulation methods and a stochastic mortality and investment risk 
framework to model biometric and financial market risks. The dynamics of mortality rates are modelled using 
Generalized Age-Period-Cohort (GAPC) stochastic mortality models [12]. The market price of longevity risk is 
incorporated using a risk-neutral simulation approach. The stochastic dynamics of bond prices are determined 
based on a two-factor equilibrium model [13]. We assume stock prices follow a geometric Brownian motion. The 
models are calibrated to financial market and mortality data for France. The expected lifetime utility is computed 
as the average lifetime utility across the bi-dimensional (investment performance and survival prospects) 
simulation paths. The results show that self-managed variable decumulation strategies may generate higher income 
at the expense of high risk-taking, more volatile income streams, and no longevity insurance. Annuitization 
strategies involving longevity-linked life annuities and hybrid solutions provide higher expected lifetime utility at 
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the expense of bequest motives. The remainder of the paper is as follows. Section 2 outlines the key concepts and 
research methods used in the paper. Section 3 reports and discusses the pricing and simulation results. Section 4 
concludes. 
2 MATERIALS AND METHODS 
2.1 Welfare analysis of drawdown strategies 
This paper quantitatively investigates the individual welfare generated from eight alternative drawdown strategies: 
(i) a self-managed fixed drawdown rule based on cohort life expectancy estimated at contract inception, i.e., age 𝑥0 
and year 𝑡0 [1/𝑒𝑥0,𝑡0 rule]; (ii) a self-managed non-insurance fixed drawdown rule based on the life annuity factor 
computed at contract initiation [1/𝑎𝑥0,𝑡0 rule]; (iii) a self-managed variable drawdown rule based on a dynamic 
assessment of the remaining cohort life expectancy estimated at age 𝑥0 + 𝑘 in year 𝑡0 + 𝑘 [1/𝑒𝑥0+𝑘,𝑡0+𝑘  rule], 𝑘 =
0,1, … , 𝜔 − 𝑥0, where 𝜔 is the highest attainable age; (iv) The classical “4%” SWR rule, where households consume 
each year 4% of the initial wealth adjusted for observed CPI inflation [14-15]; (v) An annuitization strategy using 
entire financial savings to buy a participating longevity-linked life annuity (PLLA), an innovative risk-sharing life 
insurance contract in which payments are periodically updated according to both the observed survival experience 
of a reference pool against the expected survival path and the investment performance of the financial assets 
backing the contract against the guaranteed interest rate [16].1 Formally, PLLA annuity benefits at time 𝑡0 + 𝑘, 
𝑏𝑡0+𝑘 , depart from their initial value 𝑏𝑡0 depending on the dynamics of both a longevity adjustment factor Ι𝑡0+𝑘 and 
an interest rate adjustment (IRA) 𝑅𝑡0+𝑘 factor: 
𝑏𝑡0+𝑘 = 𝑏𝑡0 × Ι𝑡0+𝑘 × 𝑅𝑡0+𝑘 ,      𝑘 = 1, … , 𝜔 − 𝑥, (1) 
where Ι𝑡0+𝑘 is defined as the ratio between the expected and the observed survival probability in a reference 
population, Ι𝑡0+𝑘 = 𝑝𝑘 𝑥0
[𝐹0](𝑡0)/ 𝑝𝑘 𝑥0
[𝐹𝑘](𝑡𝑘), with 𝑝𝑘 𝑥0(𝑡0) denoting the k-year survival probability of some reference 
population cohort aged 𝑥0 at time 𝑡0, and 𝑅𝑡0+𝑘  is defined by 𝑅𝑡0+𝑘 = ∏ (1 + 𝑅𝑡)
𝑘−1
𝑗=0 /(1 + 𝑦)
𝑘 , where 𝑅𝑡 is the net 
investment return observed in year 𝑡 and 𝑦 is the guaranteed interest rate, set at zero percent in this study. Benefit 
volatility is limited at 20%; (vi) purchasing a fixed single premium nominal life annuity (SPLA) at retirement age; 
(vii) A hybrid strategy allocating 70% of the retirement wealth to the “4%” SWR rule and the remaining 30% to an 
advanced life deferred annuity (ALDA) with a 15-year deferment period; (viii) Purchasing an Inflation-Protected 
Annuity (IPA) at retirement. 
The minimum annual consumption level is set at 6000 € per year in all strategies. We consider a 30-year 
investment horizon. Policyholders evaluate risks and guarantees based on individual risk preferences. To represent 
individual preferences, we consider a time-separable utility function including lifetime consumption and bequest 
motives and assume individuals maximize the expected present value of utility derived from consumption [18], 
𝑈𝑡 = 𝑚𝑎𝑥𝑐1,𝑐2,…,𝑐𝑇𝐸𝑡 [ ∑ 𝛽
𝑘 { 𝑝𝑘 𝑥0
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(3) 
where 𝑐𝑏  measures the degree to which bequests are considered as luxury goods, and 𝜑[0,1) measures the strength 
of the member's bequest motive when bequest has kicked in (i.e., when 𝑊𝑡 > 𝑐𝑏 ). The utility function separately 
considers the risk aversion over consumption and bequest, allowing for subjective adjustments to how the 
individuals value different retirement outcomes. The utility function assigns higher values on favorable (higher) 
income and consumption streams (not lump sums) and bequest outcomes while marking down poor scenarios. 
Income (consumption) volatility and wealth depletion (ruin) scenarios are considered undesirable strategy 
outcomes, but the existence of residual assets at death is positively assessed. Individuals are considered risk-averse, 
i.e., they value asymmetrically adverse and positive outcomes. The dynamics of wealth is as follows: 
𝑊𝑡+1 = (𝑊𝑡 − 𝑐𝑡 + 𝑃𝑡)(1 + 𝑅𝑡+1), (4) 
where 𝑅𝑡+1 is the stochastic (post-tax) rate of return and 𝑃𝑡 is, e.g., some government pension benefit, assumed zero 
in this study. The expected utility (2) can be converted into other measures (scores) to enhance its interpretability 
and to allow a straighter comparison of the welfare-enhancing characteristics of alternative drawdown strategies. 
To this end, we follow [18] and compute a utility score, 𝑆0, defined as the constant level of income which delivers a 
utility level equivalent to that provided by each strategy, 
𝑆0 = [𝑈0 ×
1 − 𝜌
(∑ 𝛽𝑘 { 𝑝𝑘 𝑥0











The higher the utility score, the more welfare-enhancing the drawdown strategy is. Additionally, we compute the 







the consumption level in the one-period CRRA utility function that matches the lifetime utility, 𝐶𝐸𝐶0, defined as 
𝐶𝐸𝐶0 = [𝑈C × (1 − 𝜌)]
1
1−𝜌, and a welfare gap measure 𝐺0, defined as the initial wealth difference between 
alternative decumulation solutions required to produce equivalent expected utility: 
𝐺0 = (𝑆0 − 𝑆0
∗) ( ∑ 𝛽𝑘 [ 𝑝𝑘 𝑥0









∗ is the benchmark utility score. Table 1 summarizes the key design parameters used in this study. 
Table 1: Baseline simulation design parameters 
Parameter Value Notes 
Subjective utility discount factor: 𝛽 0.975  
Risk aversion coefficient: 𝜌 5  
Strength of bequest motive: 𝜑 0.83  
Bequests as luxury goods level: 𝑐𝑏  25.8 ×10³ EUR 
Initial wealth (1000s): 𝑊0  175.2028 ×10³ EUR 
Tax rate: 𝑠 20%  
ALDA Deferment period: 𝑘 15 years 
Life annuity loading factor 5%  
Investment horizon 30 years 
Source: Author’s elaboration. Note: Initial wealth set at the average retirement savings in France in 2019. 
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2.2 Financial markets 
We assume individuals and the life insurance (annuity) provider invest their retirement savings or insurance 
premium (in the case of annuitization strategies) in a fixed allocation portfolio comprising risk-free coupon bonds 
(70%) and dividend-paying stocks (30%). Regular bond coupon and dividend payments are invested in a riskless 
short-term bank account until the next (annual) portfolio rebalancing [20,29]. The valuation framework comprises 
a risk-neutral, frictionless, and continuous financial market. To model yield curve dynamics, we use a two-factor 
equilibrium Vasicek model [13] assuming that 𝑟𝑡 is a sum of two independent Ornstein-Uhlenbeck processes 𝑥𝑡 and 
𝑦𝑡 (usually modelled as the short-term rate and the long-term rate) 
𝑟𝑡 = 𝑥𝑡 + 𝑦𝑡 
𝑥𝑡 = 𝛽𝑥(𝜇𝑥 − 𝑥𝑡)𝑑𝑡 + 𝜎𝑥𝑑𝑊1(𝑡) 
𝑦𝑡 = 𝛽𝑦(𝜇𝑦 − 𝑦𝑡)𝑑𝑡 + 𝜎𝑦𝑑𝑊2(𝑡). 
(7) 
where 𝑟0 = 𝑥0 + 𝑦0, 𝑥(0) = 𝑥0, 𝑦(0) = 𝑦0, and (𝑊1, 𝑊2) is a two-dimensional Brownian motion with instantaneous 
correlation 𝜌, 𝑑𝑊1(𝑡)𝑑𝑊2(𝑡) = 𝜌, with 𝑥0, 𝑦0, 𝛽𝑥, 𝛽𝑥, 𝜇𝑥, 𝜇𝑦, 𝜎𝑥 , 𝜎𝑦  positive constants. Daily data on French 3-month 
and 10-year maturity bond yields from January 2010 to December 2019 are used to calibrate the model. Table 2 
provides ML estimates of the short rate and the long-rate stochastic processes. 
Table 2: Parameter estimates of the 2-factor Vasicek model 
Parameter ?̂?𝑖  ?̂?𝑖 𝜎𝑖  
Short rate 𝑥𝑡 0.001139806 0.385488994 0.004164698 
Long rate 𝑦𝑡  0.041437594 0.143457215 0.007023459 
 Source: author’s preparation. Note: We estimate that 𝜌 = 0.8838434. 
We assume stock market prices 𝑆𝑡 follow a standard geometric Brownian motion diffusion process: 
𝑑𝑆𝑡
𝑆𝑡
= 𝜇𝑑𝑡 + 𝜎𝑑𝑊𝑡 , (8) 
where 𝑊𝑡 is a standard Wiener process with respect to the physical probability measure; 𝜇 and 𝜎 denote, 
respectively, the instantaneous stock price drift and volatility. The dynamics of stock prices are calibrated to the 
CAC-40 index stock market data over the same period considering the index values adjusted for dividends and 
splits. The ML parameter estimates are (?̂?, 𝜎) = (0.05853774; 0.19325248). CPI inflation values are simulated 
using a random walk with drift model. The PLLA contract is priced using a longevity option decomposition approach 
considering 10000 simulations of mortality and financial market risk factors [16-17].2 
2.3 Stochastic mortality modeling 
To forecast age-specific mortality rates, we use a member of the GAPC family of stochastic mortality models, the 
single population standard age-period Lee-Carter model under a Poisson setting [12].3 Let 𝐷𝑥,𝑡 denote the number 
of deaths recorded at age 𝑥 during calendar year 𝑡 from the centrally exposed-to-risk 𝐸𝑥,𝑡
𝑐 . The GAPC model links a 
response variable (𝜇𝑥,𝑡) to a linear predictor 𝜂𝑥,𝑡, capturing the systematic effects of age 𝑥 and time 𝑡 






2 Without loss of generality, insurers default risk is not considered [25-26, 31]. 
3 An alternative approach is to use a Bayesian Model Ensemble (model combinations) of stochastic mortality models [2, 6, 22, 
27,35] or continuous-time affine-jump diffusion models [17,30]. 
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 is an age-period term 
describing the mortality trends, with the time index 𝜅𝑡
(1)
 capturing the general mortality trend and 𝛽𝑥
(1)
 tempering 
its effect across ages. The framework assumes 𝐷𝑥,𝑡 follows a Poisson distribution 𝐷𝑥,𝑡~𝒫(𝜇𝑥,𝑡𝐸𝑥,𝑡
𝑐 )  with 
𝔼(𝐷𝑥,𝑡/𝐸𝑥,𝑡
𝑐 ) = 𝜇𝑥,𝑡. The specification is complemented with a set of identifiability constraints to ensure unique 
parameter estimates. We first calibrate the model to French total population data from 1950 to 2018 and ages in 
the range 50-95. Mortality data is obtained from the Human Mortality Database (2020). To forecast and simulate 
mortality rates, we then assume the age vectors 𝛼𝑥 and 𝛽𝑥
(1)
 remain constant over time and model the period index 
𝜅𝑡
(1)
 using a univariate time series ARIMA(p,d,q) model. 
3 RESULTS 
Figure 1 reports the average annual nominal consumption level for each drawdown strategy tested in this study. 
Figure 2 reports individual point forecasts of consumption trajectories, along with the 95% prediction intervals. 
 
Figure 1: Average annual consumption path by drawdown strategy; Note: Average values computed over the 
10000 simulations. 
 
Figure 3 exhibits the corresponding average retirement wealth dynamics by drawdown strategy. The simulation 
results show that the self-managed variable drawdown rule based on a dynamic assessment of the remaining cohort 
life expectancy at old age and the classical 4% SWR rule delivers the highest nominal (and inflation-adjusted) 
average consumption levels in the age range 60-90 years old but are both financially unsustainable and do not 
provide longevity insurance. The self-managed fixed drawdown rules (1/𝑒𝑥0,𝑡0 and 1/𝑎𝑥0,𝑡0) generate similar and 
relatively low consumption levels throughout retirement, in many years below those provided by annuitization 
strategies, with individuals likely to pass away with too much unconsumed wealth. Among the full annuitization 
strategies, the highest nominal and inflation-adjusted average consumption (and welfare) values are generated by 
the PLLA contract, followed by the IPA structure. Non-insurance-based decumulation strategies are riskier than 
insurance-based and mixed strategies exhibiting higher nominal (and real) income volatility. The income and 
consumption volatility of PLLA benefits is naturally higher than that of fixed annuities with annuity payments 
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variability bounded at 20% of the initial benefit, but consumption levels are higher. The hybrid strategy combining 
the 4% SWR rule and a 15-year deferred ALDA annuity generates increasing consumption levels at retirement while 
providing minimal longevity insurance. Full annuitization strategies discard the bequest motive. 
 
Figure 2: Point forecast of annual consumption levels per draw down strategy, along with the 95% prediction intervals. 
 
Figure 3: Average retirement wealth dynamics by drawdown strategy; Note: Average values computed over 10000 simulations. 
Table 3 summarizes the average welfare analysis metrics for each drawdown strategy analyzed in this study over 
the 10000 simulations and age range 60-90 years old. The results show that the highest utility score values (𝑆0) in 
the age range 60-90 are obtained by the 4% SWR, 1/𝑒𝑥0+𝑘,𝑡0+𝑘 and PLLA drawdown strategies, respectively. 
However, the performance of the 4% SWR and 1/𝑒𝑥0+𝑘,𝑡0+𝑘 self-managed variable decumulation strategies 
significantly deteriorate if we extend the analysis to older ages (𝑥 ≥ 90) since their prescribed consumption path 
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is financially not sustainable and individuals are likely to outlive their retirement savings. Moreover, the income 
volatility is significant for these strategies meaning that the preference for higher income and consumption at early 
retirement ages may encourage high risk-taking which runs against the preference for a smooth income stream at 
retirement. On the contrary, the performance of the PLLA is interesting despite prescribing no residual benefit 
(bequest) which acts often as a reserve pool for many expected and surprise life events related to aging such as 
healthcare, dependency expenses, traveling, and family. Indeed, Table 3 values do not fully capture the benefits of 
longevity insurance provided by the PLLA (and all annuitization strategies) since the analysis is focused on the 60-
90 age range. The mixed strategy 4% SWR + ALDA provides an interesting combination between risk exposure, 
longevity protection, and the bequest motive, generating and increasing income profile with limited ruin 
probability. The inflation-protected annuity is an interesting solution for conservative individuals with no bequest 
motive. The welfare gap results over the age range 60-90 show, e.g., that the self-managed fixed drawdown strategy 
based on life expectancy estimates at retirement age requires an additional initial retirement savings amount of 
23.330 euros to produce the same expected utility of the 4% SWR rule.  
Table 3: Welfare analysis metrics 
# Drawdown strategy 𝑐𝑡  𝑐𝑡  volat. 𝑊𝑡 𝑆0 𝑆c 𝐶𝐸𝐶0 𝐺0 
1 1/𝑒𝑥0,𝑡0 6.20 0.59 187.49 6.33 6.19 3.01 NA 
2 1/𝑎𝑥0,𝑡0 6.14 0.60 189.54 6.28 6.14 2.99 -0.85 
3 1/𝑒𝑥0+𝑘,𝑡0+𝑘  10.23 3.94 122.50 6.54 6.39 3.11 4.11 
4 4% SWR 7.58 2.12 155.52 7.52 7.36 3.58 23.33 
5 PLLA 6.59 0.74 0.00 6.44 6.30 3.06 2.18 
6 SPLA 5.97 0.00 0.00 6.10 5.97 2.91 -4.31 
7 4% SWR + ALDA 6.24 1.07 124.07 5.71 5.59 2.72 -11.93 
8 IPA 6.01 0.77 0.00 5.66 5.53 2.69 -12.96 
Source: Author’s elaboration; Notes: Average values in thousands of euros over 10000 simulations and age range 60-90 years old. Welfare gap 𝐺0 
values estimated comparing all strategies against the self-managed fixed drawdown rule based on cohort life expectancy estimated at time 𝑡0. 
4 CONCLUSION 
In this paper, we adopted a simulation design to empirically investigate the individual welfare generated from 
alternative annuitization and self-managed fixed, variable and hybrid drawdown strategies using French data. Our 
results show that self-managed variable decumulation strategies based on a dynamic assessment of the remaining 
cohort life expectancy at old age and the classical 4% SWR rule generate higher income at the expense of high-risk 
taking, high-income volatility, no longevity insurance, and high ruin probability. Individuals often prefer self-
managed drawdown strategies relative to annuitization to preserve the control of assets and better cope with 
unexpected uninsurable expenses, but they fail to provide income smoothness and longevity insurance. Among the 
full annuitization strategies, those involving longevity-linked life annuities and hybrid solutions provide higher 
expected lifetime utility but leave no room for bequest motives. The results suggest buying an inflation-protected 
annuity is an interesting solution for conservative individuals with no bequest motive. Further research is needed 
to assess the sensitivity of our results to the length of the investment horizon considering lifetime strategies, and to 
assess the robustness of decumulation strategies to changes in the asset allocation strategy and risk profiles, 
considering for lifecycle, reverse lifecycle, and hybrid approaches. Simulation designs considering alternative utility 
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function designs may be required to evaluate the importance of specific consumption constraints (e.g., healthcare 
expenses, long-term care costs) in the individual welfare generated from alternative drawdown designs. 
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